The articles [24] , [9] , [4] , [10] , [2] , [19] , [20] , [14] , [3] , [25] , [6] , [8] , [7] , [5] , [22] , [21] , [23] , [18] , [12] , [15] , [13] , [11] , [17] , [16] , and [1] provide the notation and terminology for this paper.
Properties of Primes
One can prove the following proposition (1) For all prime numbers p, q and for every natural number k such that k | p · q holds k = 1 or k = p or k = q or k = p · q.
Let p be a natural number. We say that p is safe if and only if:
(Def. 1) There exists a prime number s such that 2 · s + 1 = p.
Let us observe that there exists a prime number which is safe. One can prove the following propositions:
(2) For every safe prime number p holds p ≥ 5.
(3) For every safe prime number p holds p mod 2 = 1.
(4) For every safe prime number p such that p = 7 holds p mod 3 = 2.
(5) For every safe prime number p such that p = 5 holds p mod 4 = 3.
(6) For every safe prime number p such that p = 7 holds p mod 6 = 5. Let p be a natural number. We say that p is Sophie Germain if and only if:
Let us observe that there exists a prime number which is Sophie Germain. One can prove the following propositions:
(9) For every Sophie Germain prime number p such that p > 2 holds p mod 4 = 1 or p mod 4 = 3.
(10) For every safe prime number p there exists a Sophie Germain prime number q such that p = 2 · q + 1.
(11) For every safe prime number p there exists a Sophie Germain prime number q such that Euler p = 2 · q.
(12) Let p 1 , p 2 be safe prime numbers and N be a natural number. Suppose
(13) For every safe prime number p there exists a Sophie Germain prime number q such that Card Z/pZ * = 2 · q.
(14) Let G be a cyclic finite group and n, m be natural numbers. Suppose Card G = n · m. Then there exists an element a of G such that ord(a) = n and gr({a}) is a strict subgroup of G. Let n be a natural number. The functor Mn yielding a natural number is defined as follows: (27) For all natural numbers a, n such that a > 1 holds a − 1 | a n − 1.
(28) For all natural numbers a, p such that p > 1 and a p −1 is a prime number holds a = 2 and p is a prime number.
(29) For every natural number p such that p > 1 and Mp is a prime number holds p is a prime number.
(30) For every integer a and for all natural numbers x, n holds a x mod n = (a mod n) x mod n.
(31) For all integers x, y, n such that x and n are relative prime and x ≡ y (mod n) holds y and n are relative prime.
(32) Let a, x be natural numbers and p be a prime number. Suppose a and p are relative prime and a ≡ x · x (mod p). Then x and p are relative prime.
(33) Let a, x be integers and p be a prime number. Suppose a and p are relative prime and a ≡ x · x (mod p). Then x and p are relative prime.
(34) For all integers a, b and for all natural numbers n, x such that a ≡ b (mod n) and n = 0 holds a x ≡ b x (mod n).
(35) For every integer a and for every prime number n such that a·a mod n = 1 holds a ≡ 1 (mod n) or a ≡ −1 (mod n).
Multiplicative Group of a Field
The following proposition is true (36) For every prime number p holds Z/pZ * = MultGroup(Z R p ). Let F be a commutative skew field. Observe that MultGroup(F ) is commutative.
One can prove the following two propositions: (37) Let F be a commutative skew field, x be an element of MultGroup(F ), and x 1 be an element of F . If x = x 1 , then x −1 = x 1 −1 .
(38) For every commutative skew field F holds every finite subgroup of MultGroup(F ) is a cyclic group.
